Hexagonal arrays are ,widely used in practice but have received less attention in the optimum array processing literature. In this paper, we show how unitary ESPRIT can be applied to hexagonal arrays for direction,-of-arrival (DOA) estimation. The resulting estimates exhibit good threshold behavior, and are close: to the Cramer-Rao bound above threshold. We also show how to use spatial smoothing in hexagonal arrays for DOA estimation in the presence of coherent signals.
INTRODUCTION
Hexagonal Arrays are widely implemented in practice. The elements in hexagonal arrays are arranged in concentric circles. This configuraticin is desirable whenever the desired beampattern is circularly symmetric. From another viewpoint, hexagonal sampling is lxoved to be the optimal sampling strategy for signals that are bandlimited over a circular region of the Fourier plane. For such signals hexagonal sampling requires 13.4 percent fewer samples than rectangular sampling [l] . These favorable characteristics of hexagonal arrays lead to their wide applications in practice. On the other hand, there is relatively little research work on hexagonal nurays in the array processing literature. This paper studies the direction-of-arrival l(D0A) estimation problems with hexagonal arrays. For 2-D planar arrays, not all the DOA estimation algorithms developed for linear arrays can be applied easily, for either mathematical or computational reasons. Algorithms such as maximum likelihood estimation are computationally too complex to be implemented in twodimensional estimation problems. Simpler algorithms, such as spectral MUSIC, exhibit poor threshold behavior. Algorithms with direct solutions, on the other hand, are computationally much easier, and generally offer better performance in linear cases. Existing direct-solution algorithms for DOA estimation with uniform linear arrays include Root-MUSIC [2] 
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ESPRJT is a high-resolution signal parameter estimation technique based on the translational invariance structure of a sensor array. The parameter estimates are obtain exploiting the rotational invariance structure of the signal subspace. Among the ESPRIT-like estimation schemes, Unitary ESPRIT [7] provides increased estimation accuracy with a reduced computational burden. By exploiting the conjugate symmetric property of the array manifold, Unitary ESPRlT utilizes a unitary transformation to map Centre Hermitian matrices into real matrices. This transformation not only reduces computations by using real-valued computation throughout, but also implicitly embeds the forward-backward averaging, which uses the data samples more efficiently and gives improvement for correlated sources. 
HEXAGONAL-RECTANGULAR TRANSFORMATION
Consider a standard hexagonal array. We can define the array manifold vector by stacking the transposes of the row vectors of array into a column. The directions of signal arrivals can be expressed by the directional cosines with respect to each axis in v space as v, = shecos4 and v y = s k e s h 4 . In order to apply the rectangular results, we transform the hexagonal array into an equivalent rectangular-grid array using a transformation due to Lo and Lee [lo] . We use the esthation algorithms on the rectangular grid array in (ux9 uY) space and then find the corresponding estimates in (vX, VJ space.
The hexagonal-rectangular grid transformation depicted in Figure 1 can be expressed by
UNITARY ESPRIT'

Invariance Relationship
The basic idea of the ESPRIT technique is to exploit the shift invariance property of the associated array. For unitary ESPRIT, the array manifold is further required to be Centrosymmetric, which dictates the phase center to be chosen at the array center. The indexing in ( To compress our development, we assume the reader is familiar with [8].
of subarray selection matrices to present the shift invariances for signal directions in both x-axis and y-axis, respectively. Moreover, in order to have real-valued computation from start to finish, subarrays shall be symmetrically selected to each other with respect to the array center. For U,, these two requirements for unitary ESPFUT formulation can be expressed as follows:
Subarray selection matrices J,I, J,2 as in (6) 
Figure 2. Subarrays for unitary ESPRIT
It is easy to verify that the above two pairs of subarray selection structures contain the information about the shift invariances of U, and U, , . respectively, and that they all have the symmetry property required by unitary transformation. Therefore, unitary ESPRlT algorithm can be implemented using these two structures.
Development of Unitary ESPRIT
We start with the shift invariance relationship for U,. When relationships in (6), (7) For ti 19-element ~e~a~l~~~~ array, we construct a set of I, subasrays of NI en^, as shown in Figure 3 . Each subasray ne in both x and y directian from the preceding subarray. 
SIMULATIONS
Computer simulations were performed using a 19-element standard hexagonal array mth elements spaced half a wavelength apart. The impinging signals consist of two q u ipowered, uncorrelated sources located at (0,O) and (0,0.0866) in (vx,vy) space, respectively. The effect of unitivy ESPRJT on the resulting signal estimates was examined using 100 snapshots and 500 trials. 
CONCLUSIONS
Unitary ESPRIT provides a computationally efficient DOA estimation algorithm for hexagonal arrays. The threshold behavior is good and the mean-square error is close to the Cramer-Rao bound above threshold. Spatial smoothing coupled with unitary ESPRIT provides an effective solution for coherent signals.
By using techniques similar to those in [8] and the transformation in section 2, a beamspace version of unitary ESPRIT for hexagonal arrays can be derived.
